We point out novel connections between complex PT-invariant solutions of several nonlinear equations such as φ 4 , φ 6 , sine-Gordon, hyperbolic sine-Gordon, double sine-Gordon, double hyperbolic sine-Gordon, mKdV, etc. We then use these connections to obtain several new complex PT-invariant periodic solutions of some of these equations.
Introduction
During the last few years parity-time inversion or PT symmetry [1] has received a lot of attention mainly because of its possible applications in open systems with balanced loss and gain, particularly in photonics [2, 3, 4, 5] . Recently, we have obtained PT-invariant kink as well as periodic kink solutions [6, 7] of several models such as φ 4 , φ 6 , sine-Gordon (SG), double sine-Gordon (DSG) and double sine hyperbolic-Gordon (DSHG) equations of the form tanh(x) ± isech(x) and sn(x, m) ± icn(x, m) as well as sn(x, m) ± idn(x, m), respectively. It is worth recalling that in all these cases, one had a kink solution of the form tanh(x) and a periodic kink solution of the form sn(x, m). Here sn(x, m), cn(x, m) and dn(x, m) are Jacobi elliptic functions (JEF) with m being the modulus of the JEF (0 ≤ m ≤ 1) [8] . Soon afterward, it was pointed out by Cen and Fring [9] that since these models are translationally invariant, if tanh(x) is a solution, then so must be tanh(x + a). On taking a = ±iπ/4, one immediately obtains the complex PT-invariant kink solution tanh(x) ± isech(x) mentioned above with half the width and the same amplitude as compared to the tanh(x) solution thus proving that whenever a model admits a kink solution of the form tanh(x), the same model will necessarily also admit a PT-invariant complex kink solution of the form tanh(x)±isech(x).
The important question is whether a similar argument also holds good for the corresponding periodic kink solutions in terms of the JEF functions. In particular, by translational invariance, if some model has a periodic solution of the form sn(x, m), then presumably it also has a solution of the form sn(x + a, m). 
we find that
Here we have used the fact that [8] sn 
Unfortunately, solution (2) is very different from the well known complex periodic kink solutions [6, 7] of the form sn(x, m) ± icn(x, m) or sn(x, m) ± idn(x, m) and there is no special case under which it goes to either of these complex PT-invariant periodic kink solutions.
Inspired by this, we have explored new solutions and have been able to obtain even more general complex PT-invariant periodic kink solutions of several nonlinear equations. Further, by extending similar arguments, we have also obtained even more general complex PT-invariant periodic pulse solutions of several nonlinear equations. One of the purposes of this paper is to discuss in detail some of these solutions.
The other purpose of this paper is to point out novel connections between complex solutions of either different nonlinear models or even the same model but with different values of the parameters. As an illustration, consider the celebrated φ 4 static field equation
Now observe that under φ → ±iφ, this equation goes over to the φ 4 field equation
It is then clear that if for a given a, b, φ 4 field Eq. (4) admits a complex solution φ 1 , then the same model will also admit the complex solution ±iφ 1 for the same a but opposite b. We discuss similar connections between several models, e.g., sine-Gordon (SG) [10, 11] and sine hyperbolic-Gordon (SHG) [12] , double sineGordon (DSG) [13] and double sine hyperbolic-Gordon (DSHG) [14, 15, 16] , both focusing and defocusing mKdV [10, 11] and also in the φ 4n+2 -φ 2n+2 -φ 2 models where n = 1, 2, 3, .... Using such connections we then obtain several novel complex solutions of some of these equations.
The plan of the paper is as follows. In Sec. II we discuss novel connections between the complex solutions of several real nonlinear equations. Using these connections, we obtain several complex PTinvariant periodic solutions of the celebrated φ 4 equation. In Sec. III we use the connection between the complex solutions of the focusing and the defocusing mKdV equations and obtain several complex PTinvariant periodic solutions of these two equations. In Sec. IV, using the connection between the complex PT-invariant solutions of the DSG and the DSHG equations we obtain several new periodic kink and pulse solutions of both the models. In Sec. V we discuss a coupled φ 4 model discussed by us before [17] and obtain a large number of new solutions of this coupled model. Finally, in Sec. VI we summarize the main results obtained in this paper and point out some of the open problems.
2 Superposed Complex PT-invariant Periodic solutions of φ
4
Let us consider the celebrated static φ 4 field equation (4) . We will first show that apart from the two well known complex PT-invariant periodic kink solutions, it admits yet another (and in fact more general)
complex PT-invariant periodic kink solution.
Superposed Complex PT-Invariant Periodic Kink Solutions
It is well known [18] that the periodic kink solution of φ 4 field Eq. (4) is
provided
Note that such a solution exists provided b > 0, a < 0. In the limit m = 1 we then have the celebrated kink solution
What about the corresponding complex PT-invariant periodic solutions? It is well known [6, 7] that the φ 4 field Eq. (4) admits two such solutions. The first one is
and the second solution is
Are the solutions (10) and (12) the most general complex PT-invariant periodic kink solutions? We now show that the answer to the question is no.
Let us recall that φ 4 model is a translation invariant system. Thus, if sn(βx, m) is a solution then so is sn(βx ± iK ′ (m)/2, m). Inspired by the identity (2), we now inquire if there is a more general complex, PT-invariant periodic kink solution of the φ 4 field Eq. (4). In particular, we start with the ansatz
where A, B, D, β have to be determined in terms of the parameters a, b of the model. Here D > −1 so as to avoid any singularity. After a lengthy algebra we find that indeed Eq. (14) is a novel periodic kink solution of the φ 4 Eq. (4) provided (14) simply follow from the real periodic kink solution (6) by a translation? We now show that this is indeed the case.
As argued above, since φ 4 model is a translation invariant system, hence ifÂsn(βx, m) is a solution then so isÂsn(βx + ia, m). On using the addition theorem for sn(x, m) as given by Eq. (1) and the fact that [8] sn
it is easily shown that the corresponding solution has precisely the form of the solution (14) with
and the condition (15) takes the form
which is precisely the condition under which the solutionÂsn(βx, m) holds good. It must be emphasized once again that if instead one considers solution (14) 
It may be noted that such a solution is not valid in the m = 1 limit.
In the limit m = 1, we are led to the complex PT-invariant kink solution It may be noted that even though we are calling it a complex kink solution, since the solution is only valid when both a, b < 0, effectively it is the solution in the single well case. However, the way it has been derived and considering its structure we are calling it a complex kink solution.
Connections Between The Complex Solutions of Several Real Nonlinear Equations
Unlike the real solutions, there are novel connections between the various complex solutions of different models or even among the different solutions of the same model but for different values of the parameters.
We now point out such connections between some of the well known models. 2. If for a given set of parameters a, b, c, φ 1 is a complex solution of the field equation
then for odd integer n, ±iφ 1 is also a solution of the same Eq. (24) for the same values of the parameters a and c but opposite value of the parameter b. On the other hand, for even integer n, ±iφ 1 is also a solution of the same Eq. (24) for the same values of the parameters a, b, c. Note that for n = 1, Eq. (24) reduces to the celebrated φ 6 field equation
3. If u 1 is a complex solution of the focusing mKdV equation [10, 11] 
then ±iu 1 must be the complex solution of the defocusing mKdV equation
The converse is true as well.
4. If φ 1 is a complex solution of the SG equation [10, 11] 
then ±iφ 1 must be the complex solution of the SHG equation [12] 
The converse is also true.
5. If for a given set of parameters a, b, φ 1 is a complex solution of the DSG equation [13] 
then for the same a, b, ±iφ 1 must be the complex solution of the DSHG equation [14, 15, 16] 
As an illustration, we shall now obtain several new complex PT-invariant periodic solutions of the φ 4 field Eq. (4). Further, in Sec. III and Sec. IV we shall use this connection both ways and obtain several complex PT-invariant solutions of the attractive and repulsive mKdV Eqs. (26) and (27) as well as those of DSG and DSHG field Eqs. (30) and (31), respectively.
Superposed Complex PT-Invariant pulse solutions of φ 4
We now show that similar to the kink case, one also has novel complex PT-invariant periodic pulse solutions of the celebrated φ 4 field Eq. (4). In particular, we obtain 5 novel complex PT-invariant periodic pulse solutions of this equation, three with PT-eigenvalue +1 and two with PT-eigenvalue −1. These are in addition to the two well known complex PT-invariant pulse solutions with PT-eigenvalue +1 of the φ 4 field Eq. (4).
Pulse Solution I
Let us first note that in view of the φ 1 ↔ ±iφ 1 connection mentioned above, since φ 4 field Eq. (4) admits the complex PT-invariant periodic kink solution (14) , hence the same φ 4 field Eq. (4) must admit the complex PT-invariant periodic pulse solution
provided a is same as in Eq. (15) while b has opposite value, i.e. PT-eigenvalue +1 given by
We would like to emphasize that this pulse solution (for b > 0) is an entirely new complex PT-invariant periodic pulse solution which is distinct from the two well known [6] complex periodic pulse solutions of the φ 4 field Eq. (4) which are only valid if b < 0. In particular, it is well known that [6] 
is an exact complex PT-invariant pulse solution of the φ 4 field Eq. (4) provided
The second solution is [6] 
Following the discussion for the kink case, it is clear that in the limit m = 1, the solution (32) is not an independent solution but merely a translation of the pure imaginary solution iÂ tanh(βx).
We now show that apart from the complex periodic pulse solution (34) with PT-eigenvalue +1, there are four more novel complex PT-invariant periodic pulse solutions of the φ 4 field Eq. (4), two with PTeigenvalue +1 and two with PT-eigenvalue −1.
Pulse Solutions II and III
To motivate the solutions, we note that one of the well known periodic pulse solutions to φ 4 field Eq.
(4) is [18] 
Since φ 4 model is a translation invariant system, hence if cn(βx, m) is a solution then so is cn(βx ± iK ′ (m)/2, m). At this stage it is worth recalling the identity [8] cn
Inspired by this identity, as in the kink case, we now inquire if there is a more general complex, PT-invariant periodic pulse solution of the φ 4 field Eq. (4) with PT-eigenvalue +1. We start with the ansatz
where A, B, D, β have to be determined in terms of the parameters of the model. After a lengthy algebra we find that indeed Eq. (43) is a novel complex PT-invariant periodic pulse solution of the φ 4 field Eq.
(4) provided
From here we conclude that while the sign of a depends on whether m > (<)1/2, b < 0 if D > 0 while
It is reasonable to expect that at least in the case D > 0 (and hence b < 0), the solution (43) may simply follow from the real periodic pulse solution (40) by translation. We now show that this is indeed the case. As argued above, since φ 4 model is a translation invariant system, hence ifÂcn(βx) is a solution of the φ 4 field Eq. (4) then so isÂcn(βx + ia). On using the addition formula for cn(x, m) given by [8] cn
and using Eq. (16) it immediately follows that in the case D > 0 and hence b < 0, the corresponding solution has precisely the form of solution (43) with
and the condition (44) takes the form 
In view of the φ 1 ↔ ±iφ 1 connection, it then follows that the φ 4 field Eq. (4) also admits the complex PT-invariant periodic pulse solution with PT-eigenvalue −1 given by
Observe that this is a novel pulse solution for which a could be positive (or negative) depending on whether m < (>)1/2 while b < 0 since −1 < D < −m. We would like to emphasize that the pulse solution (50) is an entirely new complex PT-invariant periodic pulse solution with PT-eigenvalue −1, which is distinct from any of the well known [6] complex periodic pulse solutions of the φ 4 field Eq. (4). As far as we are aware of, all the known pulse solutions of the φ 4 field Eq. (4) have PT-eigenvalue +1 while this solution has PT-eigenvalue −1.
Fourth and Fifth Pulse Solutions
To motivate the fourth novel complex periodic pulse solution, we note that the φ 4 field Eq. (4) also admits another periodic pulse solution [18] φ = Adn(βx, m) ,
Now since φ 4 model is a translation invariant system, hence ifÂdn(βx, m) is a solution then so isÂdn(βx± iK ′ (m)/2, m). At this stage it is worth recalling the identity [8] dn
Inspired by this identity, we now inquire if there is a more general complex, PT-invariant periodic pulse solution of the φ 4 field Eq. (4). To that effect we start with the ansatz
where A, B, D, β have to be determined in terms of the parameters of the model. After a lengthy algebra we find that indeed Eq. (55) is a novel complex PT-invariant periodic pulse solution of the φ 4 field Eq.
(4) with PT-eigenvalue +1 provided
From here we conclude that unlike the pulse solution (43) It is then reasonable to expect that in the case D > 0, the solution (55) would follow from the real periodic pulse solution (52) by translation. We now show that this is indeed the case. As argued above, since φ 4 model is a translation invariant system, hence ifÂdn(βx) is a solution of the φ 4 field Eq. (4) then so isÂdn(βx + ia). On using the addition formula for dn(x, m) given by [8] dn
and using Eq. (56) it immediately follows that in the case D > 0, the corresponding solution has precisely the form of the solution (55) with
and the condition (56) takes the form (4) with PT-eigenvalue +1 and is given by
In view of the φ 1 ↔ ±iφ 1 symmetry, it then follows that the φ 4 field Eq. (4) also admits a complex PT-invariant periodic pulse solution with PT-eigenvalue −1 given by
Thus, we now have discovered two new periodic pulse solutions of the φ 4 field Eq. (4) with PT-eigenvalue −1 as given by Eqs. (50) and (62).
In the limit m = 1, both the complex PT-invariant periodic pulse solutions (43) and (55) with PTeigenvalue +1 go over to the complex PT-invariant (hyperbolic) pulse solution 
with a,Â satisfying Eq. (7).
Summarizing, apart from the two well known complex PT-invariant periodic pulse solutions (36) and (38) with PT-eigenvalue +1, we have discovered five new novel complex periodic PT-invariant pulse solutions, three with PT-eigenvalue +1 while two are with PT-eigenvalue −1. Note, however, that the corresponding hyperbolic solutions are merely translations of the well known real kink and pulse solutions.
Solutions of Both Focusing and Defocusing mKdV
Let us consider the defocusing mKdV equation [10, 11] 
Note that if u 1 is a complex solution of the defocusing mKdV Eq. (67), then for the same values of the parameters ±iu 1 is a solution of the focusing mKdV equation
Note that this connection applies both ways. Using the various novel complex solutions obtained in the last section, we can then immediately write down new solutions of both the focusing and the defocusing mKdV equations.
Complex PT-invariant Periodic Solutions of Defocusing mKdV
Let us start from the defocusing mKdV Eq. (67). On using y = x − vt, and integrating once, Eq. (67) takes the form
where k is an integration constant. Some of the well known periodic solutions to the defocusing mKdV Eq. as well as A[sn(βx, m) ± idn(βx, m)] with PT-eigenvalue −1 [6] . Using the results of the last section, we now show that it has three additional complex PT-invariant periodic solutions, two with PT-eigenvalue +1 and one with PT-eigenvalue −1.
Solution I:
Following the results of the last section, it is easily shown that
is an exact complex PT-invariant periodic solution with PT-eigenvalue +1 of Eq. (69) with 
provided 
Complex PT-invariant Periodic Solutions of Focusing mKdV
Let us start from the focusing mKdV Eq. (68). On using y = x − vt, and integrating once, Eq. (68) takes the form
where k is an integration constant. In addition to its well known periodic real solutions Acn(βx, m)
and Adn(βx, m) [10, 11] , it also has two complex periodic solutions with PT-eigenvalue +1 given by cn(βx, m) ± isn(βx, m) and dn(βx, m) ± isn(βx, m) [6] . On using the u 1 ↔ ±iu 1 connection, one can immediately write down its solutions from the known solutions of the focusing mKdV. In particular it has three novel complex PT-invariant periodic solutions, two with PT-eigenvalue −1 and one with PTeigenvalue +1.
Solution I: Following the solutions of the defocusing mKdV case, it follows that
is an exact complex PT-invariant periodic solution of the focusing mKdV Eq. (76) with PT-eigenvalue −1 
The Complex Solutions of DSHG and DSG
In this section we exploit the φ 1 ↔ ±iφ 1 connection discussed in Section 2 which relates the solutions of the DSHG and the DSG equations (see Eqs. (30) and (31) and discussion therein) and obtain several new complex PT-invariant solutions of these equations.
Let us first start with the DSHG Eq. (30). On using the substitution u = tanh(φ) it is easily shown that the DSHG Eq. (30) takes the form
As has been recently shown by us [7] , this equation admits the complex PT-invariant periodic kink solution with (PT-eigenvalue −1)
In view of the u 1 ↔ ±iu 1 symmetry, we then immediately obtain a new PT-invariant pulse solution of the DSG Eq. (31). To that purpose, let us first note that if we make the substitution v = tan(φ) then the DSG Eq. (31) goes over to
Observe that under the transformation u → ±iv, the DSHG Eq. (84) goes over to the DSG Eq. (86). Thus for the same set of parameters as given by Eq. (85) we immediately obtain the new complex PT-invariant pulse solution of the DSG Eq. (86) with PT-eigenvalue +1
Similarly, corresponding to the other complex periodic PT-invariant kink solution of DSHG Eq. (30) (and hence (83)) obtained in [7] , we find the following complex PT-invariant periodic pulse solution of DSG with PT-eigenvalue +1
It may be noted that all the above complex PT-invariant kink solutions of DSHG were with PT- (30) with PT-eigenvalue +1 (and thus complex PT-invariant solutions of DSG with PT-eigenvalue −1).
We will see that all of these solutions are only valid in the case a < b < 0.
As has been recently shown by us [7] , the DSHG Eq. (83) admits the complex PT-invariant periodic pulse solution (with PT-eigenvalue +1)
This solution immediately implies the existence of the complex PT-invariant periodic kink solution of the DSG Eq. (86)
provided Eq. (91) is satisfied.
The DSHG Eq. (83) also admits [7] another complex PT-invariant periodic pulse solution
provided Eq. (94) is satisfied.
Complex PT-invariant Solutions of a Coupled φ 4 Model
We now consider a coupled φ 4 model which has been discussed before [7, 17] and show that it admits a large number of novel complex PT-invariant periodic solutions. The coupled model has the static equations of motion
In Sec. II we have obtained six novel complex PT-invariant periodic solutions of the (uncoupled) φ 4 field Eq. (4). In this section we will obtain solutions of the coupled model as given by Eqs. (96) and (97) using these six solutions. It is then clear that there will be in general twenty one distinct solutions of this coupled model. Out of these twenty one, six solutions will be such that φ and ψ will have similar form while in fifteen solutions, φ and ψ will have different form. Let us discuss these solutions one by one.
Solution I: One can show that
is an exact solution of the coupled Eqs. (96) and (97) provided
Note that −1 < D < −m. On solving we find that
In that case we cannot determine A, E and hence B, F separately but they must satisfy the constraint
Solution II: The solution of the form
can now be immediately obtained by comparing it with Solution I. In particular, notice that Solution II can be obtained from Solution I by changing A and E to ±iA and ±iE, respectively, while changing B and F to ∓iB and ∓iF , respectively. In particular, one can show that (102) is an exact solution of the coupled Eqs. (96) and (97) provided
On solving we find that
Solution III: The solution of the form
can also be immediately obtained by comparing it with Solution I. In particular, Solution III is obtained from Solution I by changing E to ±iE and changing F to ∓iF (while A, B remain unaltered). In particular, one can show that (106) is an exact solution of the coupled Eqs. (96) and (97) provided
Solution IV: One can show that
In that case we cannot determine A, E and hence B, F seperately but they must satisfy the constraint
Two more solutions can be immediately obtained from Solution IV by exactly following the arguments used in obtaining Solutions II and III from Solution I. In particular, in one solution, A and E go over to ±A and ±E, respectively, while B and F go over to ∓iB and ∓iF , respectively. In another solution we
only let E and F go over to ±iE and ∓iF , respectively, while keeping A and B unchanged. In each case
Eq. (111) and hence Eqs. (112) and (135) get suitably modified. We therefore do not write them down here explicitly.
Solution V: Yet another solution of the coupled Eqs. (96) and (97) is
Two more solutions can be immediately obtained from Solution V by exactly following the arguments used in obtaining Solutions II and III from Solution I. In particular, in one solution, A and E go over to ±A and ±E, respectively, while B and F go over to ∓iB and ∓iF , respectively. In another solution we only let E and F go over to ±iE and ∓iF , respectively, while keeping A and B unchanged. In each case
Eq. (111) and hence Eqs. (112) and (135) get suitably modified. We therefore do not write them out here explicitly.
Solution VI: Yet another solution of the coupled Eqs. (96) and (97) is
On solving these equations we find that
This gives a constraint between the parameters a 1 , a 2 ,
By following similar logic as in obtaining Solutions II and III from Solution I, we can immediately obtain three more solutions from Solution VI. In one solution, one changes A and E to ±iA and ±iE, respectively, while changing B and F to ∓iB and ∓iF , respectively. In another solution one only changes A and B to ±iA and ∓iB, respectively, while keeping E and F unchanged. In yet another solution one
only changes E and F to ±iE and ∓iF , respectively, while keeping A and B unchanged.
Solution VII: Yet another solution of the coupled Eqs. (96) and (97) is
This gives a constraint between the parameters a 1 , a 2 , b 1 , b 2 , α
By following similar logic as in obtaining Solutions II and III from Solution I, we can again obtain three more solutions from Solution VII. In one solution, one changes A and E to ±iA and ±iE, respectively, while changing B and F to ∓iB and ∓iF , respectively. In another solution one only changes A and B to ±iA and ∓iB, respectively, while keeping E and F unchanged. In yet another solution one only changes E and F to ±iE and ∓iF , respectively, while keeping A and B unchanged. ,
unless b 1 = b 2 = α. In that case we cannot determine A, E and hence B, F seperately but they must satisfy the constraint
By following similar logic as used in obtaining Solutions II and III from Solution I, we can again obtain three more solutions from Solution VII. In one solution, one changes A and E to ±iA and ±iE, respectively, while changing B and F to ∓iB and ∓iF , respectively. In another solution one only changes A and B to ±iA and ∓iB, respectively, while keeping E and F unchanged. In yet another solution one only changes E and F to ±iE and ∓iF , respectively, while keeping A and B unchanged.
Summary and Open Problems
In this paper we have obtained six novel complex PT-invariant periodic solutions of the celebrated φ 4 model and hence of the focusing and the defocusing mKdV. Three of these are with PT-eigenvalue +1
and three with PT-eigenvalue −1. These are over and above the two already known complex PT-invariant periodic pulse solutions with PT-eigenvalue +1 and two already known complex PT-invariant periodic kink solutions with PT-eigenvalue −1. Moreover, we have shown that there are novel connections between the complex solutions of several different models like DSG [13] and DSHG [14, 15, 16] , SG [10, 11] and SHG [12] as well as between the same models like If not, can one understand the origin of the newly discovered complex PT-invariant periodic solutions?
Secondly, how many of these, if any, are stable? One would hope that there are certain physical situations where some of these solutions are likely to be relevant. In order to get a better understanding of some of these points, perhaps it would be worthwhile to explore similar solutions in other models such as SG, DSG, φ 6 , etc. and hence also obtain complex solutions of SHG, DSHG and φ 6 with different values of couplings.
We hope to address some of these issues in the near future.
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